ABSTRACT A hyperaccreting stellar-mass black hole has been proposed as the candidate central engine of gamma-ray bursts (GRBs). The rich observations of GRBs by Fermi and Swift make it possible to constrain the central engine model by comparing the model predications against data. This paper is dedicated to studying the temporal evolution of central engine parameters for both prompt emission and afterglow phases. We consider two jet launching mechanisms, i.e., νν annihilations and the Blandford-Znajek (BZ) processe, and obtain analytical solutions to these two models. We then investigate the black hole central engine parameters, such as the jet power, the dimensionless entropy η, and the central engine parameter µ 0 = η(1 + σ 0 ) (where σ 0 is the initial magnetization of the engine) at the base of the jet. The black hole may be spun up by accretion, or spun down by the BZ process, leaving imprints in GRB lightcurves. Usually, a BZ jet is more powerful and is likely responsible for the late time central engine activities. However, an initially non-spinning black hole central engine may first launch a thermal "fireball" via neutrino annihilations, and then launch a Poynting-fluxdominated jet via the BZ process. Multiple flares, giant bumps, and plateaus in GRB afterglows can be well produced as the result of late time accretion onto the black hole.
1. INTRODUCTION The nature of the central engine of gamma-ray bursts (GRBs) remains a mystery. It is generally believed that long GRBs are connected with core-collapse supernovae (Woosley 1993; Paczyński 1998; MacFadyen & Woosley 1999) , and short GRBs are likely related to mergers of two neutron stars or a neutron star and a black hole (Eichler et al. 1989; Paczyński 1991; Fryer et al. 1999) . These scenarios lead to the formation of a stellar mass black hole (BH) or a millisecond magnetar.
Two types of GRB central engine models have been discussed in the literature, i.e., the BH model and magnetar model. One popular model invokes a stellar-mass BH surrounded by a neutrino-cooling-dominated accretion flow (NDAF). Two mechanisms are considered to power the relativistic jet in a GRB for a BH central engine: the neutrinoantineutrino annihilation mechanism, which liberates the gravitational energy from the accretion disk (Popham et al. 1999, hereafter PWF99; Di Matteo et al. 2002, hereafter DPN02; Gu et al. 2006; Chen & Beloborodov 2007; Janiuk et al. 2007; Lei et al. 2009; Liu et al. 2015) ; and the BlandfordZnajek (Blandford & Znajek 1977 , hereafter BZ) mechanism, which extracts the spin energy from the Kerr BH (Lee et al. 2000; Li 2000; Lei et al. 2013) .
Thanks to Swift and Fermi, the observations have collected rich information on GRBs, which put further constraints on the GRB central engine models. For example, since a good fraction of GRBs are followed by X-ray flares (some have giant bumps and plateaus), the GRB central engine must be long-lived. In some GRBs (e.g., GRB 080916C), the broadband spectra show no evidence of quasi-thermal emission from a fireball photoshpere (Abdo et al. 2009) , suggesting that at least for some GRBs, the central engine has to be strongly magnetized (Zhang & Pe'er 2009 ). These observational constraints motivate us to systematically investigate the GRB BH central engine models. We planned to present our results in two papers. In Paper I , hereafter Paper I), we addressed the fundamental problem of baryon loading in GRB jets. We found that a magnetically dominated jet can be much cleaner and is more consistent with the requirement of large Lorentz factors in GRBs (Paper I). With the estimated Lorentz factor from the baryon loading rate, Yi et al. (2017) and Xie et al. (2017) found that some empirical correlations, such as jet power vs. Lorentz factor Γ 0 (Liang et al. 2010; Liang et al. 2015; Ghirlanda et al. 2012; Lü et al. 2012) and minimum variability timescale (MTS, Wu et al. 2016) vs. the Lorentz factor Γ 0 , favor the scenario in which the jet is driven by the BZ mechanism. A direct comparison between NDAF and BZ processes have been discussed, mostly considering the energy output only, in a number of works (PWF99; Kawanaka et al. 2013; Liu et al. 2015) . However, a dedicated study on the evolution of central engine parameters, especially the baryon-loading-related dimensionless "entropy" η (for the neutrino model), the magnetization parameter σ 0 , and the central engine parameter µ 0 = η(1 + σ 0 ) (for BZ model), are still lacking. In the observational front, the temporal behavior of GRBs in the prompt emission and early afterglow phases may provide meaningful clues to the central engine models. It is therefore interesting to compare the predictions from the BH central engine models with the temporal behaviour of GRBs. This is the purpose of this Paper II. We continue to investigate the evolution of the BH central engine based on Paper I. This paper is organised as follows. In Section 2, we will study the two jet launching mechanisms within the context of Kerr metric in detail. We then apply our results to the prompt emission phase in Section 3 and the late central engine activity in Section 4. Finally, we summarize our results and discuss some related issues in Section 5.
BLACK HOLE CENTRAL ENGINE MODEL: NEUTRINO ANNIHILATION AND MAGNETIC POWERS
For a spinning BH with hyper-accretion disk, energy can be extracted to power GRB by neutrino annihilations from the NDAF or by the BZ mechanism from the rotating BH. In this section, we will study these two mechanisms in detail.
Neutrino Model
The neutrino model as the central engine of GRBs has been widely discussed (PWF99; Narayan, Piran & Kumar 2001, hereafter NPK01; Kohri & Mineshige 2002; DPN02; Chen & Beloborodov 2007; Janiuk et al. 2004 Janiuk et al. , 2007 Gu et al. 2006; Liu et al. 2007 Liu et al. , 2015 Lei et al. 2009; Xie et al. 2016 ; for a review see Liu et al. 2017) . The typical mass accretion rate in such a model is high (0.01 to 10M ⊙ s −1 ). Under such a condition, the gas photon opacity is also very high and radiation becomes trapped (Katz 1977; Begelman 1978; Abramowicz et al. 1988 ). However, neutrinos can still escape and tap the thermal energy of the disk produced by viscous dissipation before being advected into the BH. In this model, GRBs are powered by the energy liberated via the νν → e + e − process in regions of low baryon density.
DPN02 showed that the neutrino emission will be greatly suppressed by neutrino trapping for an accretion rateṀ ≥ 1M ⊙ s −1 . However, their results are based on a Newtonian disk model. Gu et al. (2006) , Chen & Beloborodov (2007) and Lei et al. (2010) argued that the general relativistic effects are also important. In this paper, we adopt a model of a steady-state disk around a Kerr BH, in which neutrino loss and transfer are taken into account.
The accretion rate likely varies at the central engine of a GRB. As a first step, we assume a constant mass accretion rate to get the general properties of an NDAF, and leave the study of the evolution of the disk in Sections 3 and 4.
Because the gas cools efficiently, we are entitled to discuss the NDAF model within the context of a thin disk (Sharkura & Sunyaev 1973) . The accuracy of the thin-disk approximation is not perfect at large radii, where the disk is thick. On the other hand, the details of the outer region have little effect on the solution for the neutrino-cooled disk (Chen & Beloborodov 2007) .
The basic equations of NDAF (equations for continuity, state, conservation of angular momentum and energy balance) in the Kerr metric are given as follows (PWF99; DNP02; Reynoso, Romero & Sampayo 2006; Lei et al. 2009 ), 
where H = Pr 3 B/(ρGM • C) is the half thickness of the disk, v r is the radial velocity of the gas, α is the viscosity parameter, a is the radiation constant, k is the gas Boltzmann constant, and m p is the proton rest mass. A, B,C, D and f are the general relativistic correction factors for a thin accretion disk around a Kerr BH (Riffert & Herold 1995) .
where the BH spin parameter a
• , and M • and J • are the BH mass and angular momentum, respectively. The expression for f is given by Page & Thorne (1974) (in their Equation (15n)) as,
where χ = (r/r g ) 1/2 , χ ms = (r ms /r g ) 1/2 , and r g = GM • /c 2 . The radius of the marginally stable orbit is (Bardeen et al. 1972 )
for 0 ≤ a • ≤ 1, where
1/2 , and χ 1 = 2 cos(
It is easy to check that f (r = r ms ) = 0 and f (r ≫ r ms ) ∼ 1 − r ms /r.
In Equation (3), the total pressure consists of four terms, radiation pressure, gas pressure, degeneracy pressure, and neutrino pressure. The factor 11/12 in the term of radiation pressure includes the contribution of relativistic electron-positron pairs. In the degeneracy pressure term, µ e is the mass per electron, which is taken as 2 in agreement with NPK and PWF. u ν is the neutrino energy density defined as (Popham & Narayan 1995) 
where τ νi = τ a,νi + τ s,νi is the sum of the absorptive and scattering optical depths calculated for each neutrino flavor (ν e , ν µ , ν τ ). The absorptive optical depths for the three neutrino flavors are (Kohri et al. 2005) τ a,νe ≃ 2.5 × 10
where T 11 = T /10 11 K, ρ 10 = ρ/10 10 g cm −3 . X nuc ≃ 34.8ρ −3/4 10 T 9/8 11 exp(−0.61/T 11 ) is the mass fraction of free nucleons (PWF99; DPN02).
The total scattering optical depth is given by (DPN02)
In Equation (4), Q + = Q vis represents viscous dissipation, and Q − = Q ν + Q photo + Q adv is the total cooling rate due to neutrino losses Q ν , photodisintegration Q photo and advection Q adv . We employ a bridging formula for calculating Q ν , which is valid in both the optically thin and thick cases. The expressions for Q ν , Q photo and Q adv are (DPN02)
The heating rate Q vis is expressed as
We solve numerically Equations (1)- (18) to find the disk temperature T and density ρ versus the disk radius given a • , m andṁ (where
. We take X nuc = 1 for fully photodisintegrated nuclei, which is appropriate in the inner disk. Furthermore, α = 0.1 is adopted.
In the calculations, we ignore the cooling rate arising from photodisintegration, because it is much less than the neutrino cooling rate in the inner disk (Janiuk et al. 2004 ). We also approximately take the free nucleon fraction X nuc ≃ 1. For the disks formed by the collapses of massive stars, the photodisintegration process that breaks down α-particles into neutrons and protons is important in the disk region at very large radii. However, the effect of photodisintegration becomes less significant for the region at small radii, which contains fewer α-particles. See Kohri et al. (2005) , Chen & Beloborodov (2007) and Liu et al. (2007) for details, which showed that photodisintegration is not important for r ≤ 10 2 r g . On the other hand, for disks formed by the mergers of compact star binaries, we reasonably take all the nucleons to be free (X nuc ≃ 1) and neglect the photodisintegration process, since we mainly focus on the inner region of the disk.
The neutrino power from the accretion flow is given by,
We are interested primarily in the properties of the inner accretion flow, where neutrino processes are important. As argued by PWF99, NPK01 and DPN02, for r > 100r g , the neutrino cooling is not important and photons are completely trapped. The flows are fully advection-dominated at that region. We therefore concentrate on discussing in the region from r ms to r max = 100r g .
In order to get the neutrino annihilation power, we model the disk as a grid of cells in the equatorial plane. A cell k has its neutrino mean energy ε k νi and luminosity l k νi , and the height above (or below) the disk is d k . The angle at which neutrinos from cell k encounter anti-neutrinos from another cell k ′ at that point is denoted as θ kk ′ . Then the neutrino annihilation power at that point is given by the summation over all pairs of cells (PWF99; Rosswog et al. 2003) ,
where A 1 ≈ 1.7 × 10 −44 cm · erg −2 · s −1 and A 2 ≈ 1.6 × 10 −56 cm · erg −2 s −1 . The total neutrino annihilation luminosity is obtained by integrating over the whole space outside the BH and the disk. Generally, our resulting curves (thick dotted lines in Figure  1 ) exhibit broken a power law shape with two breaks. The first break marks the transition of the inner disk from neutrinodominated to advection-dominated. Following Chen & Beloborodov (2007) , we take the accretion rate at this break aṡ m ign , i.e., the disc temperature is not high enough to ignite the neutrino emitting reactions ifṁ <ṁ ign . The second break is due to the neutrino trapping effects (see DPN02 for details), and the corresponding accretion rate is denoted byṁ trap . Iḟ m >ṁ trap , the emitted neutrinos become trapped in the disc and advected into the BH. Therefore, for convenience, we summarize our numerical results with smooth power law fits with two breaks (shown with solid lines in Figure 1 ), i.e.,
where,
whereṁ ign andṁ trap are the igniting and trapping accretion rates, respectively. For m • = 3 and α = 0.1,ṁ ign = 0.07 anḋ m trap = 6.0 for a • = 0, andṁ ign = 0.01 andṁ trap = 2.6 for a • = 0.95. Similar results are obtained by Kohri et al. (2005) and Chen & Beloborodov (2007) .
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With the second terms inĖ ν,ign andĖ νν,ign , our analytical solutions can also apply to an NDAF with the BH mass in the range from m • = 3 to 10. To illustrate the accuracy of these power law fits we compare our fits (solid lines) with the numerical solutions and with the analytic formula obtained by several other authors, such as Fan et al. (2005, thin dotted lines) 2 and Zalamea & Beloborodov (2011, thin dashed lines).
3 in Figure 1 . From Figure 1 , we find that our analytical solution (Equation (22)) agrees quite well with the analytical solution by Zalamea & Beloborodov (2011) forṁ >ṁ ign , and the numerical solution by PWF99 (or the analytical one by Fan et al. 2005) for small BH spin and low accretion rates. Zalamea & Beloborodov (2011) did not treat the NDAF withṁ <ṁ ign , and roughly settedĖ νν as constant forṁ >ṁ trap . Fan et al. (2005) only fitted for 0.01 <ṁ < 0.1. Our analytical solutions, however, cover all the three regions (the whole range of accretion rate) rather smoothly. Therefore, for convenience, we will adopt our analytical solutions (i.e., Equations (21) and (22)) directly in the following calculations.
The baryon loading of jet is the fundamental problem in GRBs. In Paper I , we obtained the baryon loading rate for the jet driven by neutrino-annihilation,
0.32
forṁ >ṁ ign , where θ j is the jet half opening angle, ξ ≡ r/r ms is the disk radius in uints of r ms , ǫ is the neutrino emission efficiency, i.e., ǫ =Ė ν /Ṁc 2 . Forṁ <ṁ ign , the neutrino cooling becomes unimportant. The dependence ofṀ j,νν on the accretion rateṁ might be replaced withṀ j,νν ∝ṁ 3.8 . We can thus define an important quantity in GRB central engine, the dimensionless "entropy" parameter η as
whereĖ m =Ė νν +Ṁ j,νν c 2 is the total matter energy outflow luminosity.
This η parameter describes the maximum available Lorentz factor in neutrino annihilation model (supposing that the neu-1 In Chen & Beloborodov (2007) , the characteristic accretion ratesṁ ign andṁtrap are well approximated by the following formulae,ṁ ign = K ign α 5/3 −1 , andṁtrap = Ktrapα 1/3 −1 . For a• = 0, one has K ign = 0.071 and Ktrap = 9.3, whereas for a• = 0.95, one has K ign = 0.021 and Ktrap = 1.8.
2 Fan et al.(2005) found that the νν power for 0.01 <ṁ < 0.1 can be well fitted with (see the thin dotted lines in the right panel of trino annihilation energy is totally converted into kinetic energy of baryons after acceleration), i.e., Γ max ≃ η.
To evolve these central engine parameters (such asĖ νν and η) with time, we need to consider the evolution of BH, since most of these parameters have significant dependences on the BH spin. During the hyper-accreting process, the equations for BH evolution are,
where E ms and L ms are the specific energy and the specific momentum corresponding to the inner most radius r ms of the disk, which are defined in Novikov & Thorne (1973) as
, where R ms = r ms /r g .
, by incorporating the above two equations, we find that the BH will be spun up by the accretion with a rate as
The duration of the burst, in such a model, is determined by the viscous timescale of the accreting gas. In most accretion flows, the viscous time is significantly longer than the dynamical time, so the accretion model naturally explains the large difference between the duration of bursts and their minimum variability timescales.
Another topic of NDAF is about its stability, since it will shape the GRB lightcurve. The stability properties of NDAFs were first discussed by NPK01. They found that their NDAF is unstable only if it is optically thin and radiation pressure dominated, which could conceivably play a role in determining the temporal behavior of some bursts. In other cases, their NDAF solution is viscously, thermally and gravitationally stable. After considering neutrino trapping, DPN02 found that NDAFs are viscously and thermally stable, but are only gravitationally unstable for an extremely large accretion rate likė m ∼ 10 and for r ≥ 50. By including microphysics and photodisintegration, Janiuk et al. (2007) suggested that for sufficiently large accretion rates (ṁ ≥ 10), the inner regions of the disk become opaque and develop a viscous and thermal instability. However, these models did not consider the effect of magnetic fields. Lei et al. (2009) pointed out that an NDAF torqued by magnetic coupling is viscously and thermally unstable forṁ ≥ 0.086. Janiuk and Yuan (2010) extended their work by introducing the BH spin and magnetic field. It is shown that the instability can occur whenṁ ≥ 0.5 for a fastly spinning BH. Recently, Xie et al. (2016) suggested that the inner-boundary torque should be taken into account for NDAFs, and obtained an unstable solution as a possible interpretation for the variability of GRB prompt emission and X-ray flares. Shibata et al. (2007) , on the other hand, performed an axisymmetric general relativity magnetohydrodynamic (GRMHD) simulation for neutrino-cooled accretion tori around a rotating BH. Their results suggest that the angular momentum transport and the consequent shock heating caused by magnetic stress will induce a time-varying neutrino power, which is favorable for explaining the variability of GRB lightcurves. Xue et al. (2013, filled triangle) . In all the calculations, we adopt a BH with mass m = 3. It is found that our analytical results agree well with the numerical solutions in all accretion rate regimes. Blandford & Znajek (1977) proposed that the rotating energy and the angular momentum of a BH can be extracted by a surrounding magnetic field, and this energy mechanism has been referred to as the BZ process. If the magnetic field of BH is strong enough (∼ 10 15 G), the rotational energy extracted by this process can power GRBs (Paczyński 1998; Mészáros & Rees 1997; Paper I; Tchekhovskoy & Giannios 2015) . On the other hand, researches showed that the magnetic fields can be magnified up to 10 15 ∼ 10 16 G by virtue of MRI or dynamo process (Pudritz & Fahlman 1982 and references therein) in hyperaccretion disks.
Magnetic Model
The rotational energy of a BH with angular momentum J • is a fraction of the BH mass M • , 15 G is required to produce the high luminosity of a GRB. The accumulation of magnetic flux by an accretion flow may account for such a high magnetic field strength (e.g., Tchekhovskoy et al. 2011) .
The dependence ofĖ B on BH spin is shown in Figure 2 . For comparison, we also plot the expressions given by BZ77 (derived in the limit a • ≪ 1, but widely used, e.g., Thorne et al. 1986, PWF99) 4 and by Tchekhovskoy et al. 2011) 5 . It 4 BZ77 showed that magnetic power of a force-free jet from a slowly spinis found that the BZ power with the formula adopted here is quite close to that given by Tchekhovkoy (2011). However, the BZ77 expression can only apply to the case with low BH spin. Similar results were also obtained by recent GRMHD numerical simulations (Nagataki 2009 (Nagataki , 2011 . 
where Ω F = 0.5Ω • is usually taken to maximize the BZ power,
, where κ weakly depends on the field geometry (it is 0.053 for a split monopole geometry and 0.044 for a parabolic geometry), Φ BH is an absolute magnetic flux through the BH. and
is the angular velocity of BH horizon. The spin-down timescale by the BZ process can be estimated as (Lee et al. 2000; Lei et al. 2005 )
One can find that t spindown is not sensitive to the initial BH spin, since both the rotational energy and spin power depend on it. Considering a BH with an initially spin a • (0) is slowing down by the BZ mechanism to a final spin a •, f = 0. The final BH mass is then given by
If a • (0) = 1, the final BH mass will be
. We see that 9% of the initial mass or 31% of the rotational energy can be used to power GRB from the maximally rotating BH. The extracted energy is therefore less than a half of the initial rotational energy. Other energy increase the irreducible mass of the BH. For a • (0) = 0.5, M • = 0.98M • (0) or 2% of the initial mass can be used to power a GRB 6 . As the magnetic field on the BH is supported by the surrounding disk, there are some relations between B • andṀ. In a hyper-accreting flow in a GRB, it is possible that a magnetic flux is accumulated near the black hole horizon. Considering the balance between the magnetic pressure on the horizon and the ram pressure of the innermost part of the accretion flow (e.g. Moderski et al. 1997) , one can estimate the magnetic field strength threading the BH horizon B 
Inserting it into Equation (32), we obtain the magnetic power and torque as a function of mass accretion rate and BH spin, i.e.Ė B = 9 × 10 53 a
where
It is found that X(0) = 1/6, and X(1) = π − 2.
Both neutrino annihilation and magnetic power depend on the disk mass accretion. In Figure 3 , we present the BZ power as function of accretion rate for different BH spin and compare it with the neutrino annihilation power. We find that: (1) the magnetic power is much greater than the neutrino annihilation power for a moderate to high spin BH; (2) The neutrino annihilation power dominates over the BZ power for BHs with a very small spin at high accretion rates; (3) compared with the magnetic power,Ė νν is much more sensitive to the mass accretion rateṁ. Therefore, if the disk accretion rate is variable, the jet driven by the neutrino annihilation process should be highly variable. However, the MHD jet is usually subject to instabilities, such as kink instability (Wang et al. 2006 ) and magnetic reconnection (e.g. the Internal-Collision induced Magnetic Reconnection and Turbulence or ICMART in Zhang & Yan 2011) . These MHD processes will add complexity to the GRB lightcurves. In the magnetic model, baryons from the disk will be suppressed by the strong magnetic field lines. Forṁ >ṁ ign , the baryon loading rate for the BZ driven jet is (Paper I), Forṁ <ṁ ign , the dependence ofṀ j,νν onṁ will beṀ j,BZ ∝ m 1.9 . In Equation (39), f p is the fraction of protons, r z is the distance from the BH in the jet direction, which is normalized to 10 11 cm. Because of the existence of a strong magnetic field, protons with an ejected direction larger than θ B with respect to the field lines would be blocked.
We can then define a parameter denoting the maximum available energy per baryon in the jet driven by the BZ process,
whereĖ m =Ė νν +Ṁ j,BZ c 2 , and σ 0 =Ė B /Ė m . The acceleration behavior of the jet is subject to uncertainties. Generally, the jet will reach a terminating Lorentz factor Γ that satisfies
with the explicit value depending on the detailed dissipation process, such as kink instability (Wang et al. 2006 ), IC-MART (Zhang & Yan 2011 ) and magnetic dissipate due to the shearing interaction between two component jets (e.g. Wang et al. 2014) . In Equation (41),
2 )) and Γ max = µ 0 , which correspond to the beginning and the end of the slow acceleration phase in a hybrid outflow, respectively (see Gao & Zhang 2015 for a detailed discussion of the acceleration dynamics of an arbitrarily magnetized relativistic or hybrid jet).
As to the evolution of BH, we should consider both the accretion and BZ processes. The evolution equations are given by
the evolution equation for the BH spin is then
As a BH may be spun up by accretion or spun down by the BZ mechanism, the BH spin will reach an equilibrium value when da • /dt = 0. If the magnetic field is related to the mass accretion rate as Equation (36), the final BH spin will be a eq • ∼ 0.87. The evolution of BH spin combining with the accretion profile will give rise to a reasonable GRB lightcurve. In addition, possible jet pression (Lei et al. 2007 ), episodic jet (Yuan & Zhang 2012 ) and episodic accretion (by magnetic barrier, see Proga & Zhang 2006 ; or by magnetically arrested disk (MAD), see Lloyd-Ronning et al. 2016) would enrich the structure of lightcurve.
PROMPT EMISSION PHASE
Now we apply the above theory to GRBs. Firstly, we study the prompt emission phase. During the this stage, the BH accretes the main part of the disk with a high accretion rate. We begin with a BH of mass M • (0) = 3M ⊙ , spin a • (0), accretion rateṀ(0) and with a disk of mass M d (0). Other parameters are taken their typical values (r z = 10 11 cm, f p = 0.1, θ j = 0.1, θ B = 0.01).
To obtain the accretion rate profile, we adopt a simple model described in Kumar et al. (2008a Kumar et al. ( , 2008b and Metzger et al. (2008) . In this model, the disk are treated as a single annulus ring with effective disk radius r d , which is defined as
where M d and J d are the total mass and angular momentum of the disk at time t. The accretion rate depends on the mass and accretion time-scale asṀ
where t acc = r 2 d /ν ∼ 2/(αΩ K ), and α is the dimensionless viscosity parameter (Shakura & Sunyaev 1973) .
The mass and angular momentum of the disk change with time asṀ d = −Ṁ (47)
The evolutions of the BH are given by Equations (26)- (27) for the neutrino annihilation model, and by Equations (42) Top left panel exhibits the evolution of the accretion rateṁ, which is insensitive to the BH parameters. So for the three examples exhibited in this figure, they share the same evolution curve forṁ. The mass accretion rate decreases during the prompt phase due to angular momentum transfer. The vertical lines mark the igniting time t ign whenṁ becomes lower than the igniting accretion rateṁ ign (a), after which the neutrino cooling becomes unimportant.
For the neutrino model, the BH spin is always increasing until reaching the maximum spin ∼ 0.998 if possible (see the dashed lines in the top right panel). For the magnetic model (solid lines in the top right panel), the evolution tracks have been divided into two branches by the equilibrium spin a eq • , i.e., the increasing branch for a • (0) < a eq • (e.g., red and blue solid lines) and the decreasing branch for a • (0) > a eq • (e.g., the blue solid line).
The jet power (lower left) at each time step depends on the values of accretion rate, BH spin and BH mass (the dependence on mass is weak). We find that the evolution ofĖ generally tracts the accretion profile at late times since the evolution of the BH spin can be ignored when the majority of the disk mass is accreted. The evolution of a • still has imprints on theĖ curve at earlier times, especially forĖ B with a • (0) = 0 (red solid line in lower left panel). This case with lower a • (0) = 0 is also an outlier in the three examples. Usually, we haveĖ B >Ė νν for all times. Only this one (the red lines) showsĖ B <Ė νν at early times (t < 0.03s). Our model, therefore, predicts that the jet composition can evolve from a thermally dominated jet to a magnetically dominated jet. Recently, the spectral study of GRB 160625B suggested a clear transition from fireball to Poynting flux dominated jet , which might be an example of such a case.
For the parameters η and µ 0 (lower right panel), the evolution path in principal follows that of the jet powerĖ before the igniting time t ign . Actually, such tracing properties are believed to be the physics behind the empirical relation L γ − Γ 0 (Lü et al. 2012; Paper I; Yi et al. 2017) . After t ign , the parameter µ 0 begins to increase with time since the baryon loading rate drops very quickly in the BZ driven jet. For the case with a • (0) = 0.95, we find a dip in evolution of µ 0 . It is worth mentioning that Gao & Zhang (2015) found a similar feature in the temporal profile of magnetic parameter σ 0 when analysing the data of GRB 110721A.
To illustrate the effects of disk mass, we present the results of the disk with an initial accretion rate ofṁ(0) = 1 but with a large initial disk mass of m d (0) = 10, as shown in Figure 5 . We find that the typical duration becomes longer compared with the first example (Figure 4 ) since there are more masses to be accreted by the BH. For the same reason, t ign is also greater. The bumps in the evolution curve ofĖ represents the competition between the effects of accretion and BH spin.
In Figure 6 , we study an example with a lower accretion rate. The duration becomes shorter because the flux is too weak to be observed at the final stage of accretion.
The results obtained here are based on a simple analytical model. There are a number of simulations on the GRB central engine (e.g., MacFadyen & Woosley 1999; Rosswog et al. 2003; Zhang et al. 2008; Janiuk et al. 2013; Janiuk 2017) , which usually show complex behaviour of disk accretion. Direct comparisons between our results and theirs are beyond the scope of this paper. Rosswog (2007) presented an analytical model of the fall-back accretion of the bound debris based on previous 3D simulation of NS-NS and NS-BH mergers. Here, we adopt his results of the merger of NS-BH binaries with the NS mass fixed to 1.4M ⊙ and the BH mass adopted as 6M ⊙ , 14M ⊙ and 16M ⊙ , respectively. We estimate the fall-back accretion rateṁ fb from the fall-back accretion luminosity L acc = dE fb /dt (Rosswog 2007) , where E fb denotes the difference between the potential plus kinetic energy at the start radius r i and the potential energy at the dissipation radius r dis . Usually, the dissipation radius is taken as r dis ≃ 10r g (Rosswog 2007 ). For comparison, we also plot the fall-back accretion rate with gray lines for the cases of different NS to BH mass ratios: 1.4 : 6 (gray solid line), 1.4 : 14 (gray dashed line), 1.4 : 16 (gray dotted line) in Figure 4 . One can see that the evolution characteristics of the central engine presented here are generally consistent with those numerical simulation results.
LATE CENTRAL ENGINE ACTIVITIES
Many GRBs exhibit flares (Burrows et al. 2005; Chincarini et al. 2007; Falcone et al. 2007; Zhang 2007), plateaus (e.g. GRB 070110; Troja et al. 2007; Lyons et al. 2010; Lü & Zhang 2014; Lü et al. 2015; Gao et al. 2016a; Li et al. 2016; Chen et al. 2017) , or giant bumps (e.g. GRB 121027A and GRB 111209A; Wu et al. 2013; Gao et al. 2016b ) in X-ray lightcurves. These observations suggest that the GRB central engine is long-lived. Various models are invoked to interpret these activities, such as continuous energy injection from the spindown power of a magnetar, and the re-start of accretion onto a BH.
Here, we consider the BH central engine with fall-back accretion. The evolution of the fall-back accretion rate are described with a broken-power-law function of time as (Chevalier 1989; MacFadyen et al. 2001; Zhang et al. 2008; Dai & Liu 2012 )
where t 0 is the beginning time of the fall-back accretion in the local frame.
As an example, we assume a fall-back accretion starting at t 0 = 1000s, reaching the peak at t p = 1500s. The peak accretion is adopted asṀ p = 10 −4 M ⊙ s −1 . SinceṀ p is far below the igniting accretion rate, the neutrino annihilation power cannot explain the late time X-ray activities observed in both short and long GRBs (Fan et al. 2005) . We ignore the contribution from neutrino annihilations, and assume that the jet is powered by the BZ process in the calculations. The baryon loading in this stage is quite uncertain since neutrino cooling is shut off and a strong wind kicks in, one cannot make robust predictions. In this paper, we do not calculate baryon loading and the parameter µ 0 during the late BH central engine activity phase, although the jet is expected dirtier due to the strong disk wind expected in an advection dominated accretion flow (ADAF).
First, we present the results of a fall-back accretion disk with rapid accretion surrounding a fast spinning BH a • (0) = 0.9 (model I, thick solid lines in Figure 7 ). The BH accretion just follows the fall-back rate, i.e.,Ṁ =Ṁ fb . As shown in Figure 7 , there is a weak evolution in the BH spin for this case. We find that the evolution of jet power just tracks that of the fall-back accretion rate.
If the viscosity parameter α is too small, the disk will undergo very slow accretion. We introduce a large viscosity timescale τ vis to model the slow accretion. The accretion rate onto the BH can be estimated aṡ
We, therefore, in the second case (model II) take τ vis = 10000s. The results are presented with dashed lines in Figure 7 . The accretion rate becomes flat until τ vis and then begins to decay. Interestingly, we find a plateau in the jet power evolution.
Since the main part of the disk is already accreted, the mass accretion rate in this afterglow stage is very small. The disk will be dominated by advection. The feature of an adevction dominated disk is that it has a strong wind which is driven by a positive Bernouilli constant (Narayan and Yi 1994) . Recently, Mu et al. (2016) took into account the effects of outflow in the accretion disk when interpreting X-ray flares. Due to the existence of mass loss into the wind, the accretion rate is expected to decrease inward in a scaling forṁ
where 0 ≤ s ≤ 1, r d is the outer edger of the disk. We therefore consider a disk with r d = 100r g , a • (0) = 0.9, and s = 0.5, as shown with dot-dashed lines (model III) in Figure 7 . The accretion rate and jet power have been significantly suppressed by the outflow.
To check the effects of BH spin, we change the parameter a • (0) = 0.1, as shown with dotted lines (model IV) in Figure  7 . Other parameters are the same as the first case. We find a strong evolution in BH spin, and the peak of the jet power tends to be flatter than the case with a high BH spin.
Finally, the fall-back material may contain large specific angular momentum, which in turn will shape the profile of accretion rate. Supposing that the gas at fall-back radius r has an angular velocity Ω equal to a fraction f Ω of the local Keplerian angular velocity Ω k (r), the specific angular momentum of this gas can then be written as (Kumar et al. 2008b) 
where r 10 = r/10 10 cm and m •,1 = m • /10. The gas at r will fall to the disk at a time around the fall-back time t ∼ t fb ≃ 2(r 3 /GM • ) 1/2 . One therefore finds that the specific angular momentum increases with time as j fb ≃ 4.7 × 10 18 t 1/3 2 m 2/3
•,1 f Ω (r) cm 2 s −1 . The evolution of the disk can be described with a model adopted in Kumar et al. (2008a Kumar et al. ( , 2008b 
where the accretion rateṀ is estimated with Equation (46). In Figure 7 , we present the results of a BH-fall-back disk system with a • (0) = 0.9 and f Ω = 0.4 (model V, thin solid lines). Since the angular momentum determines the fall-back radius (see Equation (45)) and t acc ∼ 2/(αΩ K (r d )), the large angular momentum of the fall-back material leads to a longer accretion time t acc and thereby a shallower lightcurve.
DISCUSSIONS
The central engine of GRBs is likely a hyperaccreting BH. The neutrino annihilation and BZ processes are two candidate mechanisms for powering GRB jets. In this paper, we obtained the analytical solutions to the neutrino and magnetic models, and studied the time evolution of the central engine parameters for these two models.
The evolution of accretion rate and BH spin have strong effects on the evolution of central engine parameters such as, E, η and µ 0 . The neutrino annihilation power is generally weaker that the BZ power. It fails to produce the long term Xray activities observed in many GRBs. The magnetic model remains the leading candidate mechanism to interpret the Xray flares, giant bumps and plateaus. For a BH central engine with small initial spin a • (0), the jet may be first dominated by the neutrino annihilation power and then by the BZ power, leading to a transition from a thermally-dominated fireball to a Poynting flux dominated flow as is observed in some GRBs, e.g. GRB 160625B.
There are several predictions in our model, such as the transition from a thermal to a magnetic dominated jet, the evolution of µ 0 , and the late time plateaus. Systematic comparisons of these predictions against a large GRB sample are needed to test the BH central engine models. Some examples (e.g., GRB 160625B and GRB 110721A) have been observed that are consistent with our model predictions.
This work focuses on the BH-accretion central engine models. Metzger et al. (2011) and Beniamini et al. (2017) performed detailed investigations on the magnetar central engine model for GRBs. The comparison between these two models is desirable. In principle, the BH central engine is more complex, which contains two energy mechanisms (the neutrino annihilation and BZ processes) and two systems (the BH and disk). To predict a lightcurve, one needs to consider the evolution of both the central BH and the surrounding disk. Due to these intrinsic differences, our results show unique predictions on temporal evolutions ofĖ and µ 0 , especially for the case with a small a • (0). we hope our results can be used to distinguish the BH model from the magnetar model with observational data.
In this paper, we ignore the baryon loading during the late time central engine activities, since there is no good knowledge on the thermally driven wind at low accretion rates when neutrino cooling totally shuts off. Our analytical solutions are based on the numerical results of a standard NDAF model. We did not include the effects, such as magnetic coupling (Lei et al. 2009) , inner boundary torque (Xie et al. 2016 ) and vertical structure (Liu et al. 2014) . These effects may be important, but usually depend on some uncertain parameters. GRMHD simulations will help to give a better understanding of these issues.
